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Numerical computations were made of scattering of an incident electromagnetic pulse by a coated sphere that is
large compared to the dominant wavelength of the incident light. The scattered intensity was plotted as a function
of the scattering angle and delay time of the scattered pulse. For fixed core and coating radii, the Debye series terms
that most strongly contribute to the scattered intensity in different regions of scattering angle-delay time space
were identified and analyzed. For a fixed overall radius and an increasing core radius, the first-order rainbow
was observed to evolve into three separate components. The original component faded away, while the two
new components eventually merged together. The behavior of surface waves generated by grazing incidence
at the core/coating and coating/exterior interfaces was also examined and discussed. © 2012 Optical Society
of America

OCIS codes: 080.5692, 290.4020, 320.2250.

1. INTRODUCTION
In the first part of this study [ 1], we considered an electromag-
netic plane wave traveling in an exterior medium (region 3) of
real refractive index m3, which is scattered by a coated sphere
of overall radius a23, and consisting of a core (region 1) of
radius a12 and real refractive index m1 concentrically sur-
rounded by a coating (region 2) of real refractive index m2.
The partial wave scattering amplitudes, first derived by Aden
and Kerker [2], were expanded in a Debye series [3,4], which
was then reorganized in terms of differing total numbers N of
internal reflections. These consist of N212 of the R212

n internal
reflections of a partial wave in region 2 at the core/coating
interface back into region 2 again, N121 of the R121

n internal
reflections of a partial wave in region 1 at the core/coating
interface back into region 1 again, andN232 of the R232

n internal
reflections of a partial wave in region 2 at the coating/exterior
interface back into region 2 again, with N212 � N121�
N232 � N. The various Debye terms were parameterized by
�N; A; B� , where the paths of the corresponding light rays
through the coated sphere, as obtained using van de Hulst’s
localization principle [ 5], have A chords in the coating region
and B chords in the core region. Using this parameterization it
was found in [1] that all the Debye series terms with the same
values of N, A, and B for plane wave incidence have the same
scattered field as a function of the scattering angleθ. This is
called path degeneracy. In time domain scattering, a short
electromagnetic pulse is incident on the coated sphere and
the scattered intensity is plotted as a function of θ and the
delay time t of the scattered pulse [6–9]. Since the optical path
length of the corresponding light rays of each Debye term de-
pends only on A and B as well, these different paths also have
the same intensity in θ � t space for time domain scattering.

In addition, some of the �N; A; B� terms are recurrences of
the �N � 2; A; B� terms. These are called repeated paths. For

these terms the�N; A; B� rays have the same time domain tra-
jectory in θ � t space as do the rays for�N � 2; A; B� . But since
the �N � 2; A; B� Debye term contains extra partial wave trans-
mission coefficients while the �N; A; B� term contains extra
partial wave reflection coefficients, the scattered intensity
of the �N; A; B� and �N � 2; A; B� terms differs along the re-
peatedθ � t trajectory. Both path degeneracy and the repeated
terms greatly reduce the number of Debye terms that need to
be examined for a given value ofN. For example, there are 353
Debye terms for N � 7. Taking path degeneracy into account
there are only 21 independent Debye terms. If the repeated
terms are also taken into account for time domain scattering,
there are only 12 new trajectories in θ � t space that did not
occur for N � 5. These geometrical effects greatly reduce the
complexity of the analysis of scattering by a coated sphere.

The body of this paper is organized as follows. In Section2
we consider scattering by coated sphere with a fixed core ra-
dius. We identify the dominant Debye terms for scattering in a
number of different regions of θ � t space, and point out some
interesting scattering effects occurring in various terms. In
Section 3 we consider scattering for varying core radius.
Again we determine the dominant Debye terms, and also study
the evolution of both the first-order rainbow and the core/
coating surface waves as a function of core size. In Section4
we present some concluding remarks. All of the results in this
paper have been generated using the MiePlot computer pro-
gram, which can be downloaded free of charge from www
.philiplaven.com/mieplot.htm.

2. COATED SPHERE WITH A CORE OF
FIXED RADIUS
We first considered a 5 fs temporally Gaussian and spatially
plane wave pulse whose Fourier spectrum is centered onλ �
0.65 μm and truncated at �60 dB as described in detail in [8].
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The pulse is incident on a coated sphere with core refractive
index m1 � 1.5, coating refractive index m2 � 1.3333, and ra-
dii a12 � 7.5 μm, a23 � 10 μm in an external medium with
m3 � 1. In this situation, the core is “particle-like” with re-
spect to the coating since m1 > m 2. If m1 < m 2, the core
would have been “bubble-like” with respect to the coating
and many details of the scattering would have been quite dif-
ferent. Since m2 �m3 � 4 � 3 and a12 � a23 � 3 � 4, a ray tracing
analysis as described in [1] shows that an incident light ray
grazing the edge of the coating and transmitted into it at
the critical angle also has grazing incidence on the core. Phys-
ically this means that core/coating and coating/exterior elec-
tromagnetic surface waves are generated by the same edge
rays and cannot be distinguished from each other when
plotted as a function of scattering angle alone.

For each wave numberk appearing in the Fourier spectrum
of the incident pulse, the transverse electric (i � 1) and trans-
verse magnetic (i � 2) scattering amplitude is Si �θ� , where

S1�θ� �
X�

n� 1

f� 2n � 1� � �n�n � 1��g�anπn�θ� � bnτn�θ�� (1a)

S2�θ� �
X�

n� 1

f� 2n � 1� � �n�n � 1��g�anτn�θ� � bnπn�θ�� ; (1b)

πn�θ� and τn�θ� are the angular functions of Mie theory [10],
and an and bn are either the full Aden–Kerker partial wave
scattering amplitudes, or those of the specific �N; A; B� Debye
term being studied. Since the refractive indices of the core and
coating were taken to be real, the spherical Bessel functions
appearing in an and bn were calculated using either upward
recursion or downward recursion in double precision, de-
pending on the relative values of n2ka12, n1ka12, and n2ka23

to the largest partial wave required for convergence of the par-
tial wave sum in Eqs. (1a) and (1b). The scattering amplitude
is then multiplied by F�k� , the weighting function of the
Fourier spectrum of the incident pulse, and the result is then
inverse Fourier transformed back to the time domain using
the 215 � 32; 768 point fast Fourier transform algorithm.
The time domain intensity is proportional to the square of the
magnitude of the time domain electric field, which is plotted
as a function of the scattering angle and delay time of the scat-
tered pulse as in [6–9].

The intensity obtained from the full Aden–Kerker scattering
calculations is shown in false color in Fig. 1, where the time
delay of the scattered pulse is measured relative to that of the
pulse that is externally reflected at θ � 180° from the coating/
exterior interface. The most important Debye series con-
tributions are labeled by their �N; A; B� value in the figure.
The physical meaning of each �N; A; B� Debye term is de-
scribed in [1], and the identifications in Fig. 1 are based on
a comparison with the corresponding time domain ray trajec-
tories. This figure, when compared with Fig. 1 of [8], which
shows time domain scattering of a similar incident pulse by
a homogeneous sphere of radius 10μm, illustrates the great
richness in structure of scattering by a coated sphere. This
structure is much more evident in the time domain, where all
the different scattering mechanisms contributing at the same
scattering angle are separated by their differing delay times. If
the scattered intensity had been plotted solely as a function of
θ, all the scattering mechanisms would be superposed and

interfere with each other. The time domain method allows
one to examine the weaker contributions in detail without
having them obscured by the stronger contributions.

The time domain path of reflection at the coating/core inter-
face (1, 2, 0) is delayed with respect to that of external reflec-
tion at the coating/exterior interface (0, 0, 0) due to the two
extra passes of the pulse through the coating. The (0, 2, 1)
term for direct transmission through both the core and coating
is qualitatively similar to its behavior for scattering by a homo-
geneous sphere of the same overall size [7,8]. As the (0, 2, 1)
contribution dies out for larger delay times, the two-fold de-
generate contribution of the (2, 4, 1) term, corresponding to
transmission through the coated sphere following two succes-
sive reflections within the coating, becomes dominant. The
first-order rainbow of (1, 4, 2) dominates scattering for
θ � 170°. The internal reflection for this term occurs at the
coating/exterior interface and was called the β rainbow in
[4]. The first-order rainbow in (1, 2, 2) is visible at θ � 142°.
The internal reflection for this term occurs at the core/coating
interface and was called the α rainbow in [ 4]. Since the coat-
ing/exterior reflection is stronger than the core/coating reflec-
tion, the β rainbow is brighter than the α rainbow. The
backscattering region in Fig. 1 is dominated by the (2, 4, 1)
and (1, 4, 2) glories. For longer delay times, the (2, 4, 3)
and (2, 6, 3) second-order rainbows are dominant. The for-
ward scattering region at t � 300 fs is dominated by the
(2, 6, 3) glory, which makes three complete passes through

Fig. 1. (Color online) Scattered intensity as a function of the scatter-
ing angleθ and delay time t of a 5 fs unpolarized Gaussian pulse by a
coated sphere of core radius a12 � 7.5 μm and refractive index
m1 � 1.5, coating refractive index m2 � 1.3333, and overall radius
a23 � 10 μm. The dominant Debye series contributions �N; A; B� in
different regions of θ � t space are indicated.
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the coated sphere with two reflections at the coating/exterior
interface, and the (3, 4, 4) third-order rainbow and double
glory to be described in more detail below.

Figure 2(a) is a magnified view of Fig. 1 for 130° � θ � 180°
and 150 fs � t � 230 fs. In this figure, the α and β twin first-
order rainbows due to the (1, 2, 2) and (1, 4, 2) terms are
clearly resolved, together with the (2, 4, 1) glory and the barely
visible (2, 2, 3) second-order rainbow. The corresponding ray
trajectories are overlaid on the figure with grid ticks corre-
sponding to the incident ray impact parameter b � sin�θ3i �
at intervals of Δb � 0.1. The resolution of the different Debye
terms improves further in Fig. 2(b) where we examined scat-
tering of a 5 fs pulse by a substantially larger coated sphere
with a12 � 30 μm and a23 � 40 μm. A number of weaker scat-
tering processes are now resolved as well. The improvement
in the resolution is due to the fact that ray scattering is a
better approximation to wave scattering as the particle size
increases.

Figure 3 is a magnified view of Fig. 1 for 200 fs � t � 400 fs.
This illustrates the increasingly longer delay times of the (2, 2,
3), (2, 4, 3), and (2, 6, 3) Debye terms for near-axial incidence
due to 2 or 4 or 6 passes of the corresponding rays through the
coating. It also shows the rainbows of these Debye terms at
θ � 142°, 97° and 63°, which we call theαα, αβ, and ββ second-
order rainbows, respectively, where, as before,α indicates a
core/coating internal reflection and β indicates a coating/
exterior internal reflection. The αβ rainbow consists of the
two-fold degenerate contributions of Figs. 2(i) and 2(j) of
[1]. The strong scattered intensity at θ � 0° in the interval
300 fs � t � 330 fs is due to the superposition and interference
of the surface wave forward glory of the (2, 4, 3) term and the
real ray forward glories of the (2, 6, 3) and (3, 4, 4) terms.

As mentioned above, the identifications of the dominant
contributions to the Aden–Kerker coated sphere time domain
scattering signature were made on he basis of ray scattering
predictions. In order to verify these identifications using wave
scattering, we computed the unpolarized scattered intensity
as a function of θ and t using the partial wave amplitudes
of each Debye term �N; A; B� for N � 3 as described in [1]
in place of the full Aden–Kerker partial wave scattering am-
plitude, and then summing over partial waves as in
Eqs. (1a,1b). Each of the previous ray theory identifications
was verified by the Debye term partial wave sums. For the
pulse and coated sphere parameters of this section, the ana-
lysis of the various Debye term partial wave sums showed that
the terms (1, 2, 2) and (1, 4, 2) have first-order rainbows. The
terms (2, 2, 3), (2, 4, 3), and (2, 6, 3) have second-order rain-
bows, and the terms (3, 2, 4), (3, 4, 2), (3, 4, 4), (3, 6, 4), and (3,
8, 4) have third-order rainbows that we denote by ααα, αβγ,
ααβ, αββ, and βββ, respectively, where γ indicates the internal
reflection R212

n at the core/coating interface with incidence
from the coating side. Glory scattering of nonaxial rays occurs
for the terms (1, 2, 0), (1, 2, 2), (1, 4, 2), (2, 4, 1), (2, 6, 3), (3, 2,
4), (3, 4, 0), and (3, 4, 2). The term (3, 4, 4) has two different
regions of forward glory scattering and will be discussed be-
low. Surface wave glory scattering occurs in the terms (0, 2,
1), (2, 2, 3), (2, 4, 3), (3, 2, 4), (3, 4, 0), (3, 6, 2), (3, 6, 4), and (3,
8, 4). It is not surprising that so many ray paths participate in
glory scattering since a large number of internal reflections
can easily produce a large range of scattering angles that pass
through 0° or 180° for nonaxial rays. As the number of internal

Fig. 2. (Color online) (a) Scattered intensity for the pulse and coated
sphere parameters of Fig.1 for 130° � θ � 180° and 150 fs � t � 230 fs
in the region of the first-order rainbow. Various ray trajectories as a
function of the incident ray impact parameter b are superimposed on
the figure; (b) Scattered intensity for the pulse parameters of Fig.1 but
with a12 � 30 μm anda23 � 40 μm, which resolve additional structure
of the scattered intensity in the vicinity of the first-order rainbow.
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reflections increases, progressively less energy remains in the
pulse to be available for future transmissions or reflections,
making high-N scattering intrinsically dimmer than low- N

scattering. The fact that the wave focusing of either rainbow
or glory scattering occurs in large number of high-N Debye
terms partially compensates for this energy decrease and per-
mits their visibility in Figs. 1–3.

As examples of some of the more interesting scattering fea-
tures of an individual Debye term, the time domain graph of
the twin first-order rainbows (1, 2, 2) and (1, 4, 2) is shown in
Figs. 4(a) and 4(b), respectively. The Descartes rainbow scat-
tering angles areθ � 139° and 166°, respectively. The complex
ray [11] on the zero-ray side of the rainbow extends from the
rainbow relative maximum to smaller scattering angles and
smaller delay times. The contribution of rays in the two-ray
supernumerary region [12], and its continuation into surface
waves [13], extends from larger scattering angles, through the
glory region, to smaller angles (which in this case are yet lar-
ger deflection angles) and larger delay times. Figure 4(c)
shows the scattered intensity for the (3, 4, 2) Debye term,
which has the repeated ray path inθ � t space of (1, 4, 2). The
scattered intensity along the trajectory in (3, 4, 2) is weaker
than for (1, 4, 2) due to the extra internal reflection factors at
the core/coating interface.

Figure 5 is the time domain graph for scattering produced
by the (2, 2, 3) Debye term. The most interesting feature of this
figure is the complex ray glory of the αα second-order rainbow
at t � 190 fs. The Descartes rainbow angle for scattering by a
homogeneous sphere depends on the sphere refractive index
and the number of internal reflections. But since the rainbow
angle for a coated sphere depends on the core and coating
radii and refractive indices, as well as on the number of
the three different types of internal reflections, one has a
greater freedom in moving the rainbow angle around by chan-
ging various geometrical and physical parameters of the
coated sphere, and thus generating effects such as the com-
plex ray glory in Fig. 5. Figure 6 shows that the (3, 4, 4) Debye
term produces the ααβ third-order rainbow at b � 0.93 and

Fig. 3. (Color online) Scattered intensity for the pulse and coated
sphere parameters of Fig.1 for 0° � θ � 180° and 200 fs � t � 400 fs
showing the behavior of the (2, 2, 3), (2, 4, 3), and (2, 6, 3) Debye terms
and their αα, αβ, and ββ second-order rainbows.

Fig. 4. (Color online) (a) Scattered intensity of the (1, 2, 2) Debye term for the pulse and coated sphere parameters of Fig.1 showing the α first-
order rainbow; (b) Scattered intensity of the (1, 4, 2) Debye term showing the β first-order rainbow; (c) Scattered intensity of the (3, 4, 2) Debye
term, which has the same time domain trajectory as the (1, 4, 2) term.
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